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765. 


ON THE FLEXURE AND EQUILIBRIUM OF A SKEW SURFACE. 


[From the Proceedings of the London Mathematical Society, vol. x11. (1881), pp. 103—108. 
Read March 10, 1881.] 


THE skew surface is taken to be such that the strip between two consecutive 
generating lines is rigid, and that the flexure takes place by the rotation of the 
strips about the generating lines successively. The theory of the flexure is well known, 
but I am not aware that the theory of the equilibrium of such a surface, when acted 
upon by any given forces, has been considered; it is, however, a question which 
presents itself naturally in connexion with those relating to other continuous bodies 


treated of in the Mécanique Analytique, and forms a good example of the principles 
made use of. 


To begin with the mechanical ee we may regard the forces as acting on 
the generating lines regarded as material lines; and if for an element of mass dm, 
coordinates (x, y, 2) of a particular generating line G, the forces parallel to the axes 
are X’, Y’, Z’, then the corresponding term in the equation of equilibrium is 

S (Xba + Y'by + Z'bz) dm; 
and observing that there are (as will afterwards appear) five geometrical conditions, which 
I represent by U,=0, U,=0,..., U;=0, the equation of equilibrium is 
S {(X'8a+ Y'õy + Z'8z) dm + T,8U, + T,5U, + T,5U; + T,8U, + T,8U,} = 0, 

where T,, 7,,..., T, are the indeterminate multipliers, representing colligation-forces 
which correspond to the five geometrical conditions respectively. 


Taking (£, n, £) for the coordinates of a particular point P on the generating 
line; p, q, r for the cos-inclinations of the line (whence U,=p?+q?+r°—1=0 is one 
of the geometrical relations), and p for the distance of dm from P, we have 


a, Yy, z= E+ pp, a+ pq E+ opr, 
bu, Sy, dz = E + pdp, òn + pdq, SẸ + pôr. 
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The summation S extends first to the different points of the generating line, and 
then to the different generating lines; applying it first to the particular generating 
line, we write 
SX’dm, SY'dm, SZ'dm, SX'pdm, SY'pdm, SZ'pdm 
=. X, F Z, L, M, N, 


where X, Y, Z are the whole forces, and Z, M, N the whole moments about the 
point P, for the generating line @; retaining the same summatory symbol S, as now 
referring to the different generating lines, the equation becomes 


S {X8 + Yèn + Zòt + Lëp + M8q+ Nèr + T,8U, +... + 7,5U;} =0. 


We have now to consider the geometrical theory of the flexure. Taking on the 
skew surface an arbitrary curve cutting each generating line G in a point P, coordinates 
(E, n, ©), and taking o for the distance along the curve of the point P from a fixed 
point of the curve; also p, q, r, as before, for the cos-inclinations of the generating 
line G, then when the surface is in a determinate state, £, n, &, p, q, r are given 
functions of c; but these functions vary with the flexure of the surface, with, however, 
certain relations unaffected by the flexure; and the problem is to find first these 
relations. As already mentioned, one of them is p+ q*?+7?—1=0. 


Taking P’ as the consecutive point on the curve, so that the direction of the 
element PP’ is that of the tangent PT at P, it is convenient to write l, m, n for 
the cosine-inclinations of the tangent; we have, it is clear, 

_ dé dn dg . 2 2 , = pan 
l, m, da i Ja” as? Pm +n t=O. 
The conditions in order to the rigidity of the strip, are that the angles GPP, 
GP’P (=180°—-@P'T), and the inclination G’P’ to GP, shall have given values, 


G 
ey 


ae T 


variable it may be from strip to strip—that is, these values must be given functions 
of o. Taking Z GPT =I, the value of G’P’T can differ only infinitesimally from that 
of GPT, and we take it to be Œ@P'T=ZI— Qdo; also the inclination GP to GP’ 
is an infinitesimal, = Ode: we have J, Q, © given functions of o It is to be 
remarked that these conditions imply, inclination of G’P’ to tangent plane GPT at P 
has a given value Ado; in fact, if through P we draw a line Py parallel to P’G’, 
then, if P is regarded as the centre of a sphere which meets PG, Py, PT in the 
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points g, g’, t respectively, we have a spherical triangle gg’t, the sides of which are 
I— Qdo, I, and @de, and of which the perpendicular g’m is =Ado; we have thus 
an infinitesimal right-angled triangle, the base and altitude of which are Qdo, Ado, 


g' 
et |$ Zog, 
= 
J Qadr m I t 


and the hypothenuse is @de; whence @°= Q?+A?, In the case of the developable 
surface A=0 and @=. It may be remarked that, when the curve on the skew 
surface is the line of striction, we have 2=0; in fact, taking P to be on the line 
of striction, the line 

X-— Y=-yn Z-t 

Var prp py —pq’ 
through (E, n, ¢) at right angles to the two generating lines, meets the consecutive 
generating line X, Y, Z=£'+ pp’, n+p, &’+pr’; and the condition that this may 
be so is easily found to be N=0. 


Take, for a moment, p’, q’, 7’ for the cos-inclinations of the consecutive generating 
line P’G’; we have 


lp +mq +nr =cos J, 
lp’ + mg + nr’ = cos (I — Qdo), 
pp +qq +rr =cos Odo; 
and then writing p’, q, r'=p+dp, q+dq, r+dr, and observing that the equation 
p?+q?+r°=1 gives ; 
pdp + qdq + rdr = — } (dp? + dq? + dr’), 
these equations and the before-mentioned two equations become 
(U) p+? +r—-1=0, 
(U) 2 +m*+n?-1=0, 
(U;) Ip+mq+nr—cosI=0, 
(U,) ldp+mdq+ndr— Q sin Ido =0, 
(U;) dp? +dq*+dr* —O*do* =0, 


dg dy dE 
da’ da’ da’ 
are the geometrical relations which connect the six variables £, n, £, p, q, r, considered 
as functions of o. And in these equations J, Q, @ denote given functions of ø, 
invariable by any flexure of the surface. 


which equations, considering therein l, m, n as standing for their values 


To complete the geometrical theory, it is to be observed that we can by flexure 
bring the generating lines of the surface to be parallel to those of any given cone 
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O (p, q, r)=0, where O (p, q, 7) denotes a homogeneous function of (p, q, r). Hence, 
joining to the foregoing five equations this new equation 


C (p, q, r)=0, 


these six equations determine £, n, &, p, q, r as functions of o To make the 
solution completely determinate, we have only to assume for the point P, which 
corresponds, say, to the value «=0, a position in space at pleasure, and to take the 
corresponding generating line PG parallel to a generating line, at pleasure, of the cone. 


As an example, writing y to denote an arbitrary constant angle, if the invariable 
conditions are 
I=y, O=sny, 0=0, 
then the five equations are 
| hee SA leg ah aaah aie ie 
P+ m+ R- 1 = 0, 
lp+ mq+ ur— cosy =0, 
dp? + dq? + dr? — sin? y do? =0. 
ldp + mdq + ndr =0. 
We assume first 
C (p, q) N=p?+¢—7 tany, =0; 
and secondly 
C (pq, r)=r, =9. 


Then, in the former case, we find the solution 
P, q, r=— sin ysin g, sin y cosg, cosy; 
E n [= cose, sina, 0; 
giving 
æ, Y, 2=coso—psiny sing, sing + p sin y cosg, cosy; 
and consequently 
w+ yY — 2 tan? y =0, 
the hyperboloid of revolution. And, in the latter case, 
P, % r =cos (ø sin y), sin (ø sin y), 0, 
E, n, €=cot ysin (ø sin y), — cot y cos (ø sin y), o sin y, 
that is, 
æ, y= cot y sin z+ p cos z, — cot y cos Z + p Sin 2, 
whence 
æ sin z — y cos Z = cot y, 


a skew helicoid generated by horizontal tangents of the cylinder æ? + y?=cot? y. This 
is a known deformation of the hyperboloid. 
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Returning now to the mechanical problem, we have to consider the terms 


S. 7,83 (P+ +7°-1) 
+ 7,84 (L +m?+n?—-1) 
+ Tò (lp + mq + nr —cos J) 


+7,8(1 P amil +n © 0 sin 1) 


+78 (E Py (Y + - er. 


The first term gives, under the sign S, 
T, (psp + q8q + r6r). (*) 


The second term gives, in the first instance, 


ru (IddE + mdên + ndd¥); 


or, since in general 


SOd8E = N” SE” — 0'3E’ + S(— dO. . 8), 
then, attending only to the terms under the sign S, these are 


d 


— 5 Til. ape T,m. n- + Tan.  (*) 


The third term gives ; 
T, (lip + méq + nòr) (*) 


+ T, (pòl + gdm + rén), 
where the second line, 


= 7° (PaE + qdbn + rd86), 


attending only to the terms under the sign S, gives 


d d d 
San sP -ÒE — To T34 .8n— g Tyr. Ò$. (9) 


The fourth term gives 


dp dq dr 
n(£a + gg O" +r ) 


+2 ( + dip + dêg + + Jz dêr), 


where the first line, written under the form 


T, 
do 


and, attending only to the terms under the sign S, gives 


-epia ond (nd). o 


(£ ase +o dên + ast), 
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and the second line, attending in like manner only to the terms under the sign S, 
gives | 
me 
do 
The fifth term, written under the form 
T, (dp dq ars. fs 
n (Edp + 5! dbq + 5 ddr), (*) 


do o 
and attending only to the terms under the sign S, gives 
Ln P ep 2 7,8 8g 2S be (*) 
where in each case I have marked with an asterisk the lines which present them- 
selves in the final result. 
Hence, joining to the foregoing the force-terms 
XSE+ Yön + Zk+ Lip + MSq+Nbr,  (*) 


and equating to zero the coefficients of d£&, ôn, 5&, dp, ôq, dr respectively, we have 


1,1.8p — © Tym. sg- $ Tin. Br (*) 


one NE ee 
O=Y -2 fey Tg ao 
O=2Z = ti ae ae, 
Onl + Lp E a Me ae 
0=M+ Tq + Tym dE 9m Eng 
(B= NA + Fn ae eae 


where it will be recollected that J, m, n stand for oe aR 3 the variables being 
da’ do’ do 


E n, & p, q, r, and c. The elimination of 7%, T,..., T; from the six equations 


should lead to a relation between & n, & p, g, r, Which, with the foregoing five 
relations, would determine the six variables £, n, & p, q, r in terms of ø. 


In particular, the forces and moments X, Y, Z, L, M, N may all of them 


vanish; assuming that T,, T, ..., T, do not all of them vanish, we still have the 


sixth relation, which (with the foregoing five relations) determines é, n, ¢ p, q, r in 
terms of c; and it is to be remarked that the problem in question, of the figure 
of equilibrium of the skew surface not acted upon by any forces, is analogous to 
that of the geodesic line in space; only whilst here the solution is, curve a straight 
line, the solution for the case of the skew surface depends upon equations of a 
complex enough form; in the case of the developable surface, the required figure is 


of course the plane. 
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